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A comparison theorem and a uniqueness corollary for positive solutions to 
the equation 
on the closure of a bounded open set are found. The important hypotheses on 
the nonlinear coefficients are that each p, is positive and monotone increasing 
in u while Q is monotone decreasing in U. An application is made to equations 
arising in the theory of chemical reactors. 
INTRODUCTION 
A comparison and uniqueness result for ordinary differential equations 
obtained by the author [4] has been extended to a class of quasilinear partial 
differential equations. Two solutions, u and v, to two related differential 
inequalities are compared. Previous results compared u and v on sets which 
were “rigged” to have a boundary smooth enough to allow application of 
Green’s theorem as is the case in [l, Theorem 21 ([2, 3, 81 contain extensive 
bibliographies on comparison and oscillation results). In contrast, the present 
theorem compares u and v directly on G = {X 1 U(X) > V(X)> using only the 
fact that G is open and bounded. The result, however, is restricted to 
equations without mixed derivatives. Finally, an application is made to two 
classes of equations arising in chemical reactor theory. 
* Most of this research was accomplished while the author held a National Research 
Council Postdoctoral Resident Research Associateship supported by the Aerospace 
Research Laboratories at Wright-Patterson AFB. 
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PRINCIPLE RESULTS 
THEOREM. Let D be a bounded open subset of Rn and let pi(x, u), i = I,..., n 
be Cl and q be CO on il x [0, CO). Further, let pi be positive and monotone 
increasing in 24 for i = l,..., n and let q be monotone decreasing in u. If u and v 
are Cl on Ij with p%(x, u) u,, and p*(x, v) v,% Cl on D for i = l,..., n, 
(i) v > u on aD, 
(ii) v > 0 on B, u 3 0 on 23, 
(iii) CL (2%(x, 4 v.&~ + 4(x, 4 v d 0, 
and 
(iv) Zb, ( p<(x, 4 u&~ + q(x, u) u Z 0, then v 3 u on D. 
Remark. If the monotonicity hypotheses on p and q hold only for u and v 
in an interval 1, then the conclusion holds for u and v if U(X) and v(x) are in 
I when x is in D. 
Proof. Suppose the theorem is false. Let G = {x 1 x in D, u(x) > v(x)}. 
Then G is a bounded open subset of R”, G C D and u = v on aG. 
We shall make use of the following Picone identity. 
El (; (P&Y 4 uzp - PdX, v) “d4)r~ 
a 
= u ( f (PiCx, u> %Jz, + dx* u, u, 
i=l 
-v - (3’ (2 (Pi(XY 4 %Jz* + 4(x, v) v) 
i=l 
(#) 
+ f (PiCx, u, - PAX9 v>)(“2i)2 
2=1 
+ $.. PiCx, v, (%zi - E vq)2 + (4Cx, VI - dx9 u)) u2* 
We assert that the right-hand side of (#) is positive at some point of G, 
and therefore on an open subset of G. Consider any i. Let x be a point of G 
and let li be the line xj = $ , j # i. Consider next the restriction of u and v 
to li n G, which is an open subset of l6 in the Rl topology. Let I be 
the maximal interval in 1; n G containing E At the endpoints of I, u = v, 
while U(E) > V(K). Now suppose u, - (u/v) v, = 0 for all x in G. Then 
u/v is constant on I. But then u = v 0: 1, a fact which contradicts U(Z) > V(P). 
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Thus, at some point of G, uSi - (U/V) v,* # 0 and at that point the right- 
hand side of (#) is positive. 
The integral over G of the right-hand side of (#) is positive. The theorem 
will be proved once we show that the integral over G of the left-hand side is 
nonpositive. 
Consider again any i. By Fubini’s theorem [7, Chap. 71, 
where Gi is the projection of G onto the plane xi = 0 and for each % = 
(gl ,..., xiM1 , 0, %i+l ,..., 3,) in Gi , Oi(%) is the intersection of the line Z$ :
xj = Xj , j # i, with G. Each O,(Z) is an open subset of li in the R1 topology 
and consequently is an at most countable collection of open intervals. Let I 
be such an interval with a and b the minimum and maximum values of xi 
in I. Then ~(3~ ,..., 3~i-r , xi, ~~+i ,..., z,J = v(~r ,..., xi-r, x, , ~~+i ,..., x,) 
for xi = a, b, while ti(~i ,..., 5-r , x, , ~,+r ,..., %,J > V(X, ,..., %+i , xi, 
- xifl ,..., %,J when a < xi < 6. In particular, uci(%i ,..., xi-r, xi , ~~+r ,..., 
ZJ > vzl(x; ,..., ~?-r , xi , ~,+r ,..., %,J when x, = a and the opposite 
inequality holds when xi = b. Thus 
S( I E (Pi(X, U) u.rzV - Pi(X, V) Vqu)) dxt Xl 
It now follows easily that the integral of the left-hand side of (#) is non- 
positive. 
COROLLARY. Let D,pi , i = I,..., n and q be us in the theorem. Then the 
boundary value problem 
gl (Pi(X, U> K&, + 4(x, U)U = 0 in D, 
u=p>o on aD 
(*I 
(**) 
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has at most one solution u that is positive, Cl on D and such that pi(x, u) uzp is 
Cl on D. Further, the solution u(., 9)) to the boundary value problem (*)-(**), 
when it exists, is monotone increasing in v, i.e., qua < q2(x) for x in aD 
implies that u(x; ql) < u(x; q2) for x in D. 
Applications. Consider the boundary value problem 
tl (pz(x, u) u,JrS + f (x3 4 = 0 in D, c*> 
u=qJ>o on aD, c**> 
where D andp, , i = l,..., n are as in the theorem. 
First let f be as in [6]. That is, f is C2 w.r.t. u and has the properties (i) 
f (x, u) > 0 for x in D and u > 0, and (ii) there is a c > 0 for 
which fuu(x, u) < 0 for x in D and c < u. An f which arises in appli- 
cations is f (x, u) = fo(x, u) = h exp(-l/l u I). Reference [6] contains further 
references to applications in chemical reactor theory. Property (ii) implies 
that there is a 70 > 0 with 70 < c such that f (x, u + 7)/u is decreasing in u 
for each 7 3 TV and x in D (cf. [6, Corollary 5.3.11). r,, = $ when f = f. . 
The maximum principle shows that a positive solution to (*) achieves its 
minimum on aD. Let T 3 TV. Applying the theorem after replacing u by 
u + T shows (*)-(**) h as at most one positive solution when q~ > 7. 
Next, consider the case where f is Cl w.r.t. u and there is a constant c > 0 
such that (i) f (x, u) < 0 f or c < u and x in D and (ii) (f(x, u)/u)~ < 0 for 
0 < u < c and x in D. Conditions (i) and (ii) are weaker than H-3 and H-4 
of [5]. An application of the maximum principle shows that any solution of (*) 
satisfies u < c on D if q~ < c on D. The theorem can then be applied to show 
that (*)-( **) has at most one positive solution in the case that 0 < 9 < c 
on aD. 
REFERENCES 
1. W. ALLEGRETTO AND C. A. SWANSON, Sturm comparison theorems for elliptic 
inequalities, BUZZ. Amer. Math. Sot. 75 (1969), 1318-1321. 
2. W. ALLEGRETTO AND C. A. SWANSON, Comparison theorems for eigenvalues, Ann. 
Mat., to appear. 
3. W. ALLEGRETTO, On the equivalence of two types of oscillation for elliptic operators, 
Pacific J. Math., to appear. 
4. L. B. BUSHARD, Comparison theorems for scalar and vector second order nonlinear 
ordinary differential equations and inequalities, J. Math. Anal. AppZ. 52 (1975), 
561-572. 
5. D. S. COHEN AND T. W. LAETSCH, Nonlinear boundary value problems suggested 
by chemical reactor theory, J. Differential Equations 7 (1970), 217-226. 
COMPARISON RESULT FOR ELLIPTIC EQUATIONS 443 
6. S. V. PARTER, Solutions of a differential equation arising in chemical reactor 
processes. SIAM /. Appl. Math. 26 (1974), 687-716. 
7. W. RUDIN, “Real and Complex Analysis,” McGraw-Hill, New York, 1966. 
8. C. A. SWANSON, Remarks on Picone’s identity and related identities, Atti Accad. 
Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. 11 (1972), l-1.5. 
